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Kising rurmber of spheres

_A,mm:w number of Sphere = max number off poivwise. ron-overapping unit spheres
ol onYouch simultonsousty o Candirod sphere

Dimension 2 Kissing) b is 6 Dimnension 3: Kssing number is 42
(Schitte, van der Laerden, 4363)
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K. wmm‘:w fwrnbere o%. :mSM.m@/».mn@ in. direension ¢

ﬁ%é numnber of® resisphere. = max number of poirulise Non-overapping urit spheres
Fhar contouch simuforsousty o cardroll herighese

Kissing number of sphere 1n dim & =40
@niguraion given by Ep lathce K SEg gives o Kmm..@
56 (23 Oniguiahon of A& ponis

(0dtyzko, Stoane 4313,
Levenshten. 4379)

12 Badhoe, Vallentin (2007):
74 upper bownd 483.042 = optimum A&3

UNIQUE Up TO Somey
(Boonow Sloore A38))



S ?rm:.mo@ codle

Euclidean gpace K ner product. X-y= > %y
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Lms\mvuggxﬁ\ﬂ?ﬂnmzi With c-c'< cos © %04 cceC, ﬁ,*n.\w

m:%:@ AlnT4a) ﬁaé@% o the r@:@ Q%@S



Mmrm:.mo\x code

mcﬁ@QmQﬁ MﬁDOﬁﬁN (nner ﬁa& COW X m\ M.XV\

=4

bmn\mvuggxﬁ\ﬂ..ﬂnmi With c-C'<« cos © %04 cceC, n*Qw

m:m:.:w Dm:ﬂ:.\mv ﬁm m&;?pm@:m wo mrm _A._mmm:oq @8@@3
Lot ﬁ@ﬁ (e Avu (xeS"™ " ex 3 cos nv.w

bms\@n_&nggxﬁ\ﬂf.ﬂn Qﬁmﬂnvv with ¢-c'¢cos © for gceC, chc'S
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Let

and

A={(uvt): cos ¢ susvsd, -1st <cos @ MAuvt-12v: £ 2 0}

.\.wou Q:_c:\c“ cos p €us}

Theorern(achoc Vollentin 2007

A8 < min {1+ H:
\\_H_A.\\ 0 mo_\ all ruO\...\ Q\

(i) M (R, Wuu) € M Sor all (uud) € A,
(i) MAW_N._?R,.,‘VV <-1 %2 oll (uvtle Dw




mogv lern g‘g& \ oim\ ess

let C<Capled)= (xeS™™: ex 3 cos by with C-C'<cos O for gceC, c#c
Lok . be frosible and Fad:= I < Tl

=A



mogﬁma\:gg\w rﬂxaiss ess

let C<Capled)= (xeS"™ . ex 3 cos P} with c:c'écos® for geeC, c4c
Lok . be frasible and Flad:= I < T vl

=A

o ) = (ec,exc, cC') +M, Fle-c,ech) ¢ [C[ (-(Cl+4+M)
Amx%«m.m . M_vm ceC

c*c' ¢-4 (i) &M @)




mogﬁmﬁxﬁ@:wﬁ ﬂ,\Ql&wam

Let Ce ﬁmﬁ mmxvv = ﬁxmfwéi. e-X 2 (oS nvw with c-C'¢cos© %oa cceC, C+c
o@.». _H_n be %wo%_ru@ Qa ﬂ? & WQW_«\ «<.<.m

k=1
D, Hecec,c¢) =3, ¢ [cl(-lcedrh)
(el mwm_wnm, £-) (W) <M ()
T Fleced, ) - MAFM_Q (ecec cc)) >0
@ mvm% k=A (qec »mmw
xo —~
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mog?mosgwﬁ ruN Fﬂmwm

Let Ce Q% (e d)= (xeS"™ ex 3 cos mvw with c-c'¢cos © for gceC, c#c

Jot F be uomohf@ and Fuyd: MAﬂsv\ (uvit))

(ec,ec', ! +M Fle-c,ec) < [Cl ?RI.\I\\S

D Heced ) =3,

) Gc')E ce N
AO_AVmAN mnn_wn, <</ (1) ‘ &M (@)
). Hecec,cd) = MAﬂQM,/\ (e-ce-cicc)) >0
(ccNec kk=A (e »mm&
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STP: *M&D XD M@&..Xvug %oq u&_...\gs X; 2O Lor .,u\\_...\:\w

1=A

Solver returns mxocm_.:m @o._:_n Soluwbion K S, Xz
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SDP: NMKA,X D ,M\__AL X;>= T umoﬂ %\:...\35 Xi 7O %o,, .,nA...\:\w

Mo?mﬂ ﬂmﬁiﬁm mxocm_.:m @o._:_n ,woo;mo: K o Xz
Ro %@5@ o vational soludion sudn h

A) Linear System  SatisSied

2) all odional maktices posiive  Samide§inxte
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SDP: mw MKR,X D .,.M\A_\AL Xv T %oﬁ %\:...\3\ Xy 7O %Q, .,u\\....\s\w

Solver returns mxocm_.:m @o._:_n Soluwbion K S, Xz

:-

ﬂo 2&5@ Amo 3_909& mo@ia on Sudh T

A) Linear System  SatisSied

D) all rokiona mattices posttive  semidefinute

Derermine good  £loating point sotution:
Use ?.mr orecision sofver (SDPA GMP)
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€ Ay, An rabional, we con konalize X, X, st. 6 Gnear onshoiks are i fied. exactly
*Redurce vanables using v symmetnes: 140336 = 37651
* Add constraints m,oslmsgs& Stackness & deivative)



mwoc :%_5 n the &wm e SPACE

€ Ay... Ay robonal, ue con rikionalize X, X, st. o Ginear onstroicds are S fied. exacty
*Redurce vanables using u-v symmetnes: 140316 = 37651

* Add constraints ( Complementary Stackness & deivative)
% Reduce Onear au%&ﬁ to reduiced row echelon in rakonal Qrithmebic
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€ Ay...An robonal, we con rakionalize X,.. X st. o Ginear wnstroids ave sokisfied. exadky
*Reduce varaboles using wv symmetnes: 110316 = 37651
*Add constraints  (Complementary Slackness & dervative)
xReduce Onear ammg&# to reduced row echelon in rationad Qrithmetic

*For each vorioole add constroand Lhak forces this vorioble fp be close
4o orresponding %epmqm poind volue
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g Ay... A robional, e n raionalize. X,..,X, st. a€ finear cnshoirds are sokisied exacty
*Reduce varables using uv symmetnes: 110316 = 37651
*Rdd constraints  (Complementary Stackness & deivative)
xRedmce lnear amﬁmﬁ o reduced row echelon in rationad Qrithmetic

*For each vorioole add constroand Lhak forces this vorioble fp be close
4o orresponding %ep_o.qm poind volue

‘Bocksubstitubion = Me....N, rationad mo%ﬁmv:.;m 6.:.&@5:



w@c&j n the affine space

9 A,... Ay robional, ue on mkionalize X, X, st. o Ginear onstroinds are Sokis fied. exadky
% Reduce varables using u-v mxBSmr,.mw 140336 = 32651

* Add constraints Complementary Stackness & deivative)
xReduce Onear am%&# to reduced row echelon n rationad Qrithmetic

*For each vorioole  add constroand Lhak forces his variable o be cloge
#o Q:@mo:ocs@ %«8&@ @97». volue

‘Bocksubstitubion = ma....N, ratonad mo%fmv:.:m in. mkm_&z

Problem: System vey lrge = use BNF algonthm (Fieker, Uofiman, Sircena)
in Juio. computationad number theory package Hecke
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Fsifive Sem Jefinite (onstraints

Foblem: Bven (£ X, %, psdl, X .. X offen not psd!

x Solve SDP as dedsion problem
= XX (@PProx.) in tna. yelodive nlerior oF opt. %QQ



Rysitive Semidefinite (onstraints

Problem: Bven i X, %, psdl, ..., Xa often not psd!

x Solve SDP as dedsion problem
= XX (@PProx.) in tha velodive inlerior oF opt. foce

¥Nok :intefor of psd coma. 1y cone of pos.definile matnces

*Remoining neor 2ero Sigavalues are probobly e Sor a (structurall ) reason



Fsifive Semidefinite (onstraints

Poblem: Bven (£ X, X, psd, X,... ¥ often not psd!

x Solve SDP as dedsion problem
= XX @PProx.) in tha velodive inlerior o opt. %QQ,

¥Note : inteior of s comae. 1y coma of pos.defiuiR matnices

*mm.:aa;w neor 20 ejgavalues are Tog_o@u there %oﬂ 0. (struckurad. ) reason

=>We expect thare o be rakonal looses of Ahs kemel ugth small denominadors



Fsifive Sem Jefinite (onstroints

Problem: Even i X,., %, psd, X,..., X often not psd!

x Solve SDP as dedsion problem
= K (GPPrOX.) in the yelodive. interior of- opt. foa

*Nok :indefor of psd coma. 1y cone o% %om.o_mﬁn.a,_m mainces

*mmgaasw Neor 2600 @.@@2%@ ore Tog_%& thee %oﬂ 0\ @T;QEPS MNOSON

=>We expect there o De rakonad looses of Ahe kel usth smald denominadors

Add these  comstrounts Q%oz ounding uvm,\\...\\vmp 70
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¥ Use Z@? predision %«o&.:m point  arithmetic Ao ompuie N
contoiring ¢he kernel vectors of X; as cotumns.lef ¢ =# Glamns(iy), 1; = RbwS ()
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¥ Use Z&? Predson %«o&_.:m point  grithmetic Ao ompuie M
contairing #he kernel vectors of X 0s coturmns.lef ¢ =# Glumns(H;), 1: =#Rows ;)

x While 1 -G > Kows (A) :
-Use LLL &@9.473 o $ind g refations bekween ows of A (we use Nemo)
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¥ Use Z@I predson %mo&_.:m point  qrithmetic Ao ompue M
contairing #he kernel vectors of X os coturmns.lef ¢ =# Glumns(H;), 1: =#Rows ()

x While 1 -G > Kows (A):
Use LLL algorthm o find. ineger refations between ows of A (we use Nemo)
-+ Kemove row from N uhase coefficient in the relakion is noreero
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¥ Use ?.m_p Predson %moom_.:m point  qrithmetic Ao ompuie M
contairing #he kernel vectors of X 0s coturmns.lef ¢ =# Glumns(H;), 1: =#Rows ()

x While 1 ¢ > Kows (A4) :
Use LLL algorthm o find. ieger refations between ows of A (e use Nemo)
-+ Kemove row from M uhase coefficient in the relakion is nomeero

+ Madix A (n reduced row echeran %23 whose rows rethe. pelafons ke %za




x\wgm.o:&\ basgs for the hernel’

¥ Use ?m: pPredson %Noem.:m point  arithmetfic Ao ompuie N
003.,.93.,3@ .mrm _Amﬂbmﬁ Veckors O/\% X.p Qs Q@»ﬂg.m..m.m«\ Ce ”%HQ?SDMﬁSV\ m“%h%mvslwg\mv

* (While I} -G > Kows (A) :
Use LLL algorithm to find. ineges reations bekween ows of A (we use Nemo)
- Kemove row from N uhase coeficient in the relakion is nonveero

« Madix A (n teduced vow echetan Sorm Whose fows 0ve tha. 1elofions ke %éa
18 no new relahon  found: SToP
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¥ Use Z@? Predson %mo%.:@ point  grithmetic Ao ompuie M
contoiring the kernel vectors of X: as cotumns.lef ¢ =#Glamns(iy), 1; = RbwS ;)

¥ While -G > Kows (A) :
Use LLL afgoithm o find. ks reotions bekween ows of A (we use Nemo)
- Kemove row from M uhase coefficient in the relakion is nonveero

« Matix A (n reduced row echeran %o:s Whose fows Qe the radons fue %ca
*1£ no new relaghon %o;:of Stof

*Nulspacs. 0F A (campurade in exackarhmekic) contouins o boss fr the kemal of X;



%Q fonal bases for the hernel’

¥ Use Z@? pPredson %Noom_.:m point  grithmetic Ao ompuze M
contairing e kernel vectors of X 0s coturmns.lef ¢ =# Glumns (i), 1: =#Rows (%)

x While 1. -G > Rows (A):
Use LLL afgorthm fo find ineger relations between ws of Ay (e use Neo)
- Kemove row from M uhase coeficient in the relakion is noreero

+ Matix A (n reduced vow echeron Sorm Whose fows 0ve e 1elofions ke %Ea
1€ no new relahon  found: SToP

*Nulspacs 0F A (campurade in exackarhmekic) contouins o bosis for the kemel of. X;
For cadn kemned vedtor v add Yov=0 4o ?.mum._&j /\



U Gueness

(faim: Foc any feosible corfigurotion C uitn [Cl=483 ¢ (&'t q'eC cxcf={-A-12.0 1}
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U Gueness

(faim: Foc any Seosible corfiguration C with (Cl=483 ¢ {C'rqc'eC ot ={-4,-"2,0 %]

defermiingg, rakional Soliin Fluy)

Flu,u,1)-182

0.00

0.23

0.50

0.73

1.00

QB@Q%%J Slackness
Fecec 1)=482 %Oa ceC

S VY ecefo 2, i d ceC



U Gueness

Fluuh) =A82. ,umoﬂ ue . if and onby 1§ con~%N~Aw.
= for all configurotions C with [CI-483: {e-c: ceC~{0,%,4]

ngmmm?%& Sockeess  Fe ec ¢’ )=-/ %oa cceC c=c
Flegec1)=482 forceC



Un Gueness

Fuu)=A82 for ued, if ard oty 18 e {04,143,
HV %O« ol Qﬁ%@c&.o&mg/m C g.IJ amuTAw.‘w : A.,&.ﬁ : ﬂmmwnﬁO_ \,\N.Aw

mgpmﬁﬁﬁé Sockeess  Feg e, c-c')=- %oa cceC c=c
Flegec)=482 forceC

for all v, <{0%, 1} creck 2ers of Flu, vy )+ for (v, De A,

For any feasible. configuration C uith 101=483 « {S-CrqceC cxc}={-4- .0 %,



Un Gueness

/et C be on opfimal configurakion = c-c'e{0,5%,+1}  for all c,ceC
[cll =4 for off ceC



Un IGuUeness

/et C e on opfimal confliguration = c:c'e{0, 4, * 4} {for all ¢ ceC

lcll =4 %Q all ceC
Rescale allceC <it. ficf=12

[ =addihive group mgmﬁ%@ wu C | sa root bathice
= L sumof Ay Dn, or £,

Onfy sum - with ox least 483 minimal vectors s Eg.



Un Gueness

olet C be on optimol configuration = c-c'e{0, 2,213 for all ¢ c'eC

Icll = 4 %2 all ceC
Rescale allceC <it. fef={2 )
[ =addibive (% enerated wu C | (sa root (athice _‘
0 > L sumof Ay Dnor £, o0
126

Only sum - with o least 183 minimol Vectors s Esg.

183-52=126 points on equakor
Since for all ceC: ece{0al] ¥ there exists mo ("F5% 43) sphencol code

= C has o be the amfiguration we knotw!
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muQnI:@ ot sphers 0 sghee of rodius R4

= codes in ols o radius K4 where
enicrrod. distonce betuen poitts  is J.

SV- 1412 A+ Y3)
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muQnFj@ ot sphers 0 sghee of rodius R4

= codes in ols o radius K4 where
enicrrod. distonce betuen poitts  is J.

SV- 1412 A+ Y3)

2 Woper ound via SDP which 5 smudar fo ng;w SOP



(\mmﬁcﬁm wit m—ufm..mm n Qo m@ﬁ&mﬂ rﬁ.u_“em.im

ﬂQﬂE:@ ot sphers 0 sghee of rodius R4

= codes in ols o radius K4 where
enicrrod. distonce betuen poitts  is J.

SV- 1412 A+ Y3)

2 Woper ound via SDP which 5 smudar fo ng;w SOP
Pdolem: R-4 often irrational



Quadratic Feld

* Approximate sofukion %= @ vec (X’ for Ax*=b X; %0

1=4

* Assume there exists a Sofution vector over Q]



Ruadratic Feald

+ Approximate  sofution. x*= D vec(X*) for Ax=b X: %0

1=1

* Assume Hhere exists o Sofution vector over QDS
. mos@cmm xw.xw (n @8&@ ,&57
(A4 A) (X8R = bt b,



Quadratic Fld

* Approximate sofukion %= @ vec (X’ for Ax*=b X; %0

1=4

* Assume fhere exists a Sofution. vector over Q0s]
. stc&m xnxw (n %&&a@ E,:T
(A+70 A) (XS ) = b+ish,

o (o) (ke



Ruadratic Feld

* Approximate  sofudion x*= @ vec(X;) for AX*=b, X: %0

1=4

* Assume there exists o Sofution vector over QIS
. mogwcmm X X3 (n fmhoo&@ ,&5_?
(A+18 A) (GHS 1) = bt S,

o (P Gak (i)

-Mow ?os_@S over @Q
= rounding ond kernel detechon over Q.



Fyact SDF Lounds

* Qenerod rationa! sofudion for pocking
* 3 spheres in @ sphare wirth R- \:JJ forall dimensions

¥ Jd sonares in a sphare with R=A+12 forall dimensions
¥d+1 sphares in a sphere wirth K= M23/(d+1) for all dimengons

¥ for d=2: cotonat Solubion %ow ,o%r:/w A.fmvrm_,m,m in pp@mq spreses
% Keprove uniqueness of 40 points in S (rational Sofuction)

x Prove uniqueness Emmé onfigueation on hemisphere in clim & (rational sofution)
¥ for d=2: solution in Q51 for ,o%rm;w 5 spheres i 5@& Spreres

Next m_opm.. Prove niqueness of 8 points in S (solution in QHEI)
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