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Motivating the p-curvature

Let A € M,(Q(2)).
Y =AY

(z+1)°y® =2y + (2 +3)y=0

Are the solutions of this system algebraic ?

If this system admits an algebraic basis of solutions then its reduction modulo
p has an algebraic basis of solutions for almost all p prime.

GROTHENDIECK-KATZ conjecture : This implication is in fact an equivalence.
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Let k be a finite field of characteristic and A € M,,(k(z)). Seeking solutions to
the problem Y = AY we have an equality between

@ The dimension of the space of solutions that are algebraic over k(z).
@ The dimension of the space of solutions in k((2)).
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Motivating the p-curvature

Let k be a finite field of characteristic and A € M,,(k(z)). Seeking solutions to
the problem Y = AY we have an equality between

The dimension of the space of solutions that are algebraic over k(z).
The dimension of the space of solutions in k((2)).

The dimension of the space of solutions in k(z).

The dimension of the kernel of the p-curvature of this system.
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Motivating the p-curvature

kis a finite field of characteristic p.
M = k(z)" can be equipped with the connexion 94 : Y+ Y — AY.

O(fiz) - m) = f2)0 - m+f'(2) - m

For all differential k(x)-module M,
m— 0 - m is k(xP)-linear.
m — 9P - m is k(x)-linear.

When the connexion on M is of the form 0, then

Ao = I, Acs1 = A, — AA A,
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Motivating the p-curvature

For (z+ 1)2y®) —zy + (£ +3)y =0and p = 3.
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_ z Z z z
A=11 0 (z+21)2 and A, o) ) (Z+1)2

0 1 O 274 z4+z3+z2+22+2 274 +2z +z1+2
A+ 4+z4+1 A+ 4+7+1 P+1
2 £ +27

A) = 3
X(4p) = X+z3+1 +z3+1
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Let A = k[x] or k(x) with k a field. We define A(9).

A(0) ~ A[0] as sets

Example

A= Q[
(¢ +2x+1)0° — x0 + (x* + 3)

Ox=x0+1

N
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Introduction

summary

M = k(x){0) /k(x)(a)L

Lis of size O(1).

AP(L) :
@ size: O(p).
@ naive computation : O(p?) arithmetic operations.
@ Best known algorithm : O(p) arithmetic operations [BosTaN, CARUSO,
ScHosT, 2015].
X(Ap(L)) :
@ size: O(1).
@ Best known algorithm : b(\/ﬁ) binary operations [BosTaN, CARUSO,
ScHosT, 2014].

@ Contribution : L € Z(x)(9). Computation of all the characteristic
polynomials of its p-curvatures for p < Nin O(N) binary operations.

Efficient computation of p-curvatures



Introduction

Summary

(p—1t:
@ size: O(p).

(p—1)! mod p*:

Efficient computation of p-curvatures



Introduction

Summary

(p—1t:
@ size: O(p).

@ naive computation : O(p?) binary operations.

(p—1)! mod p*:

Efficient computation of p-curvatures



Introduction

Summary

(p—1)!:
@ size: O(p).
@ naive computation : O(p?) binary operations.

@ Best known algorithm : O(p) binary operations [CHUDNOVSKY,
CHUDNOVSKY, 1988].

(p—1)! mod p*:

Efficient computation of p-curvatures



Introduction

Summary

(p—1)!:
@ size: O(p).
@ naive computation : O(p?) binary operations.

@ Best known algorithm : O(p) binary operations [CHUDNOVSKY,
CHUDNOVSKY, 1988].

(p—1)! mod p*:
@ size: O(slog(p)).
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Introduction

Summary

(p—1)!:
@ size: O(p).
@ naive computation : O(p?) binary operations.

@ Best known algorithm : O(p) binary operations [CHUDNOVSKY,
CHUDNOVSKY, 1988].

(p—1)! mod p*:
@ size: O(slog(p)).
@ Best known algorithm : é(s\/ﬁ) binary operations [STRASSEN, 1977] .

@ Computation of (p — 1)! mod p* for all p < N: O(sN) binary
operations [CosTA, GERBICZ, HARVEY, 2014].
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Mathematical theory

k(0)(0*!) et k(x)(0*1)

0 = x0

0(x0) = (x0+1)0 x(x0) = (x0 — 1)x

Idea : rewrite as elements of k[0](D).
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Mathematical theory

k(0)(0*!) et k(x)(0*1)

0 = x0

0(x0) = (x0+1)0 x(x0) = (x0 — 1)x

Idea : rewrite as elements of k[0](D).
Problem : How to rewrite x ?

Solution : 971 f(x) = 3P (= 1)/fD) (x)0 1
0'f0) = fi0 + i)0’
k(x)(0*1) k(0)(0=")
k(x|(9) —— Kk[x|(0*")

[

k(x)(0) —— k(x)(0*)
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0 = x0

0(x0) = (x0+1)0 x(x0) = (x0 — 1)x

Idea : rewrite as elements of k[0](D).

Problem : How to rewrite x ?

Solution : 971 f(x) = 3P (= 1)/fD) (x)0 1
') = A6 + )0

k(x)(01) k(0)(01)
kX(0) —— Kx(0F)  kO)(0) —— KkIB)(0™)

l l l

k(x)(0) —— k(x)(0™)  k(0)(9) — k(0)(0*")




o~
—
<
—

ko) (0=1)
90!

0

d




Mathematical theory

k(0)(0*!) et k(x)(0*1)

KN(0=1) = KO)(0*")
x — 6071
x0 <« 0
0 + 0

(x+ 1)0 invertible in k(x)(0%!)
d + 0 non invertible in k() (0F1)




Mathematical theory

Exo and Zg g

Let L' = 1,'(0)0™ + ...+ L' (0)0+ L' (9).
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Mathematical theory

Exo and Zg g

Let L' = 1,'(0)0™ + ...+ L' (0)0+ L' (9).

B,(L") = Mat(9”-) = B(L")(6)B(L")(0 +1)...B(L")(0 +p—1)
Let L = [,(x)0™ + ...+ L(x)0 + lh(x).




KX(0) —2 KxP)[0F]  K{O)(0) —"2 K{oP — 0][0P]

[ [

KX (0) %5 k(xP)[0P] K(O)(0) —"% k(0P — 0)[07]




Mathematical theory

Exo and Zg g

KX(0) —25 KxP][07]  KB)(D) —22 K[6v — 6][07]

[ [

k(x)(0) —2 k(x?)[07] K(B)(D) —=2> k(6P — 6)[0P]

@ Send an irreducible element over a power of an irreductible element of
the center
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Mathematical theory

Exo and Zg g

KX(0) —25 KxP][07]  KB)(D) —22 K[6v — 6][07]

[ [

k(x)(0) —2 k(x?)[07] K(B)(D) —=2> k(6P — 6)[0P]

@ Send an irreducible element over a power of an irreductible element of
the center

© Multiplicative.

Efficient computation of p-curvatures



Mathematical theory

Exo and Zg g

The followin diagram commutes.

KX(0F) —=— Ko)(0™)

| [

K[xP)[0FP] —=— K[OP — 0][0*F]
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Exo and Zg g

(0 +2x+1)03 — x0 +x*> + 3
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Exo and Zg g

3 9% +4+208° (6% —0)d* _3
(¥ +2x+1)0° —x0+x° +3 (—(9+3)a3+(93—392+29)> 9
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Exo and Zg g

3 9% +4+208° (6% —0)d* _3
(¥ +2x+1)0° —x0+x° +3 (—(9+3)a3+(93—392+29)> 9

__X43
x24+2x+1
X

x2+4+2x+1
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Mathematical theory

Exo and Zg g

3 9% +4+208° (6% —0)d* _3
(R4 2+ 1) —x0+ 3 +3 > (e e )
—(03 — 362 + 20)
X+3 1 0
) 7x2-‘,)-(2x+1 1 0
X2 +2x+1 1 (0 + 3)
1 0
1 —(02 - 0)
1 —20
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Mathematical theory

proof of the commutativity

@ Step 1: Isomorphism with a matrix algebra after scalar extension.

Mg
KON —— M,(K[oP — 0][07][T])

bk

KN(OFH) [T —=— My(KIx][07][T))
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Mathematical theory

proof of the commutativity

@ Step 1: Isomorphism with a matrix algebra after scalar extension.

Mg
KON —— M,(K[oP — 0][07][T])

bk

KN(OFH) [T —=— My(KIx][07][T))

@ Step 2: The determinant : restriction, corestriction

@ Step 3: Equility of g g (resp. 2, ) with the determinant.
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Step 1: Isomorphism with a matrix algebra

P—T=0P—0orT°P —T= xPO"
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Mathematical theory

Step 1: Isomorphism with a matrix algebra

P—T=0P—0orT°P —T= xPO"

KX [T] = KX(0F") @ugujjorr) K] [0FP)(T]

T 1
T+1
My (0) = . and My(0) =

T+p—1 or




Mathematical theory

Step 2 : The determinant, restriction, corestriction

D. = k-](0F)
Z. = le centre associé
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Mathematical theory

Step 2 : The determinant, restriction, corestriction

D. = k(0 | | |

Z. = le centre associé Dy|T] Mg Mp(Zem) det Zo[T]
\NS/
N.(D)cCZ
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Mathematical theory

Step 2 : The determinant, restriction, corestriction

D. = k(0 | | |

Z. = le centre associé Dy|T] Mg Mp(Zem) det Zo[T]

N.A(D.) C Z. Invarianceby T+ T+a
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Step 3 : Equality with the determinant

@ N.(L) and Z. 5(L) have the same leading coefficient.
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@ N.(L) and Z. 5(L) have the same leading coefficient.
o M. is multiplicative.
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Mathematical theory

Step 3 : Equality with the determinant

@ N.(L) and Z. 5(L) have the same leading coefficient.
o M. is multiplicative.
o N(LeZ)=1r

[1]
x
Q

KX 2 M (K] [050][T)) s k{x?)[0%7][T]

| L [

KOJ(O*1) = My(KoP)[0*2)[T)) — KeP][o=*)[T]
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L € Z[x(9)
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Le Z[X(0) @,:F,[x(0F) = Fpl01(0FY) 7,:Z—F,
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Algorithm

The algorithm’s skeleton

Le Z[X(0) @,:F,[x(0F) = Fpl01(0FY) 7,:Z—F,

@ Step 1: Compute the B, o @, 0 m,(L) forall p < N.
X(9)
[
>

z|
Fplx(0) —s Fpl6](0%1) —' T1,en Mal(Fp(6))
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Algorithm

The algorithm’s skeleton

Le Z[X(0) @,:F,[x(0F) = Fpl01(0FY) 7,:Z—F,

@ Step 1: Compute the B, o @, 0 m,(L) forall p < N.

21%(0)
Fo[d(0) — Fpl0)(0+1) —" [T,en

@ Step 2: Compute their characteristic polynomials
degree : O(p)

M, (Fp(0))
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Algorithm

The algorithm’s skeleton

Le Z[X(0) @,:F,[x(0F) = Fpl01(0FY) 7,:Z—F,

@ Step 1: Compute the B, o @, 0 m,(L) forall p < N.

21%(0)
Fo[d(0) — Fpl0)(0+1) —" [T,en

@ Step 2: Compute their characteristic polynomials
degree : O(p)

@ Step 3: Compute their reciproqual image by ®,.

M, (Fp(0))
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The algorithm’s skeleton

Le Z[X(0) @,:F,[x(0F) = Fpl01(0FY) 7,:Z—F,

@ Step 1: Compute the B, o @, 0 m,(L) forall p < N.

21%(0)
Fo[d(0) — Fpl0)(0+1) —" [T,en

@ Step 2: Compute their characteristic polynomials
degree : O(p)

@ Step 3: Compute their reciproqual image by ®,.

M, (Fp(0))
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Algorithm

The algorithm’s skeleton

Le Z[X(0) @,:F,[x(0F) = Fpl01(0FY) 7,:Z—F,

@ Step 1: Compute the B, o @, 0 m,(L) forall p < N.

21%(0)
Fo[d(0) — Fpl0)(0+1) —" [T,en

@ Step 2: Compute their characteristic polynomials
degree : O(p)

@ Step 3: Compute their reciproqual image by ®,.
Size of the output at the end of step 2 : O(N?)

M, (Fp(0))
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Step 3 : computing modulo ¢

Coefficients of L of degree din x.
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Step 3 : computing modulo ¢

Coefficients of L of degree din x.
List of P € k[6P — 0].
deg(Pi) < dp.
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Algorithm

Step 3 : computing modulo ¢

Coefficients of L of degree din x.
List of P € k[6P — 0].
deg(Pi) < dp.

P:pd(ﬂpr)dJr...erl(HP—é))+po
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Algorithm

Step 3 : computing modulo ¢

Coefficients of L of degree din x.
List of P € k[6P — 0].
deg(Pi) < dp.

P:pd(ﬂpr)dJr...erl(HP—é))+po
P=p0% +...+pif+ po
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Step 3 : computing modulo ¢

Coefficients of L of degree din x.
List of P € k[6P — 0].
deg(Pi) < dp.

P:pd(ﬂpr)dJr...erl(HP—é))+po
P=p0% +...+pif+ po

6P — 0 — xPOP
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Step 3 : computing modulo ¢

Coefficients of L of degree din x.
List of P € k[6P — 0].
deg(Pi) < dp.

P:pd(ﬂpr)dJr...erl(HP—é))+po
P=p0% +...+pif+ po

6P — 0 — xPOP
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Structure of the algorithm

Le Z[X() @, :F,[x(0F") = Fol01(0*!) 7,:Z —F,

o Step 1: Compute the B, o ®, 0 7,(L) mod 69 for all p < N.
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Structure of the algorithm

Le Z[X() @, :F,[x(0F") = Fol01(0*!) 7,:Z —F,

o Step 1: Compute the B, o ®, 0 7,(L) mod 69 for all p < N.

@ Step 2: Compute their characteristic polynomials mod 69,
O(N).
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Structure of the algorithm

Le Z[X() @, :F,[x(0F") = Fol01(0*!) 7,:Z —F,

o Step 1: Compute the B, o ®, 0 7,(L) mod 69 for all p < N.
@ Step 2: Compute their characteristic polynomials mod 69,
O(N).
@ Step 3: Compute their reciproqual image by ®,.
O(N)
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Computation of (p — 1)! mod p° [CosTA, GERBICZ,
HARVEY, 2014]

(3-1)!
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Computation of (p — 1)! mod p° [CosTA, GERBICZ,
HARVEY, 2014]

(3—1)! G-1!  (7T-1)
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Computation of (p — 1)! mod p° [CosTA, GERBICZ,
HARVEY, 2014]

3-1) (5-1)! (7-1)
mod 3°5°7°
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Computation of (p — 1)! mod p° [CosTA, GERBICZ,
HARVEY, 2014]

3-1) (5-1)! (7-1)
mod 3°5°7° mod 5°7° mod 7*
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Computation of (p — 1)! mod p° [CosTA, GERBICZ,
HARVEY, 2014]

3-1) (5-1)! (7-1)
mod 3°5°7° mod 5°7° mod 7*

((3—=1)! mod 3°5°7°)
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Computation of (p — 1)! mod p° [CosTA, GERBICZ,
HARVEY, 2014]

3-1) (5-1)! (7-1)
mod 3°5°7° mod 5°7° mod 7*

((3—1)! mod 3°5°7°) x (3 x 4)

Efficient computation of p-curvatures



Algorithm

Computation of (p — 1)! mod p° [CosTA, GERBICZ,
HARVEY, 2014]

3-1) (5-1)! (7-1)
mod 3°5°7° mod 5°7° mod 7*

((3—=1)! mod 3°5°7°) x (3 x4) mod 5°7°
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Computation of (p — 1)! mod p° [CosTA, GERBICZ,
HARVEY, 2014]

[1;5]

(3] [ (6]
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Computation of (p — 1)! mod p° [CosTA, GERBICZ,
HARVEY, 2014]

[1;5]

31 (1] 3]
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Computation of (p — 1)! mod p° [CosTA, GERBICZ,
HARVEY, 2014]

[1;5]

31 (1] 3]

Uij = U1/ Ui19j01 - Aij =iy, & Sij=1Ilpev, pP°

p prime
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Computation of (p — 1)! mod p° [CosTA, GERBICZ,
HARVEY, 2014]

(p—1)! mod p* = H,[;(l) Aqgj mod Sy,
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Computation of (p — 1)! mod p° [CosTA, GERBICZ,
HARVEY, 2014]

(p—1)! mod p* = [1Z¢ Ad; mod Sy
Wi = [Tico Aix mod S
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Computation of (p — 1)! mod p° [CosTA, GERBICZ,
HARVEY, 2014]

(p—1)! mod p* = [1Z¢ Ad; mod Sy
Wi = [Tico Aix mod S

Wit1,2i = Wi; mod Siy1 9

Wit1,2i41 = Air1,2jWij mod Sipq o)
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Computation of (p — 1)! mod p° [CosTA, GERBICZ,
HARVEY, 2014]

(p—1)! mod p* = [1Z¢ Ad; mod Sy
Wi = [Tico Aix mod S

Wit1,2i = Wi; mod Siy1 9

Wit1,2i41 = Air1,2jWij mod Sipq o)

O(sN) binary operations.
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Final algorithm

@ : Z[x(0F) = Z[6](0F)
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Final algorithm

@ : Z[x(0F) = Z[6](0F)

ZIX(0E) —2— Z[0](5%1)

Tx,p T0.p

F,[{(0%!) — F,[0](0%?)




Final algorithm

@ : Z[x(0F) = Z[6](0F)

Z[X(0*) —— Z[0)(0+")

F,[x(0%1) — F,[0](0%")

L € Z[x(9) — L0~ € Z[9)(0F")
B(0) € M,(k[0]) the companion matrix of L;.




Final algorithm

@ : Z[x(0F) = Z[6](0F)

Z[X(0*) —— Z[0)(0+")

F,[x(0%1) — F,[0](0%")

L € Z[x(9) — L0~ € Z[9)(0F")
B(0) € M,(k[0]) the companion matrix of L;.

B(#)B(@+1)...B(0+p—1) modp

for p < N.
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Final algorithm

@ : Z[x(0F) = Z[6](0F)

Z[(0%Y) —2— Z[9)(*")
F[d(0+1) — F,[6](0*))
L € Z[x(0) — L0~ € Z[f)(0F")
B(0) € M,(k[0]) the companion matrix of L;.
B(#)B(@+1)...B(0+p—1) modp
for p < N.

Aij = erUi,j B(6 + k) mod 6 Sij = HPEUi,j p

p prime
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Final algorithm

@ Compute L;0~% = &(L).
o(1)
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Final algorithm

@ Compute L;0~% = &(L).
o(1)

@ Compute the list of primes p inferior to N

O(N)
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Final algorithm

e Compute L;0~% = &(L).

o(1)

@ Compute the list of primes p inferior to N
O(N)

@ Compute the B(L;)(0 + i) mod 09 for i < N
O(N)
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Final algorithm

@ Compute L;0~% = &(L).
o(1)

@ Compute the list of primes p inferior to N

O(N)

@ Compute the B(L;)(0 + i) mod 09 for i < N
O(N)

e Compute the B,(L1) mod 6% for p < N
O(N)
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Final algorithm

@ Compute L;0~% = &(L).
o(1)

@ Compute the list of primes p inferior to N
O(N)

@ Compute the B(L;)(0 + i) mod 69 fori < N
O(N)

e Compute the B,(L1) mod 6% for p < N
O(N)

@ Compute their characteristic polynomials.

O(N)
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Final algorithm

@ Compute L;0~% = &(L).
o(1)

@ Compute the list of primes p inferior to N

O(N)

@ Compute the B(L;)(0 + i) mod 09 for i < N
O(N)

e Compute the B,(L1) mod 6% for p < N
O(N)

@ Compute their characteristic polynomials.

O(N)
@ Deduce the x(Ap(L)).
O(N)
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Implementation

Implementation of the algorithm

~y=p/12 s
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Implementation

Implementation of the algorithm

< y=p/12
102 4
10! 4 o
‘-"“'i.-
v e
1004 =77

T
102

T
10?

Complexity : If L € Z[x](0) is of degree m, has polynomial coefficients of
degree at most d and has integer coefficients of size at most n then :
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Implementation

Implementation of the algorithm

< y=p/12
102 4
10! 4 o
‘-"“'i.-
v e
1004 =77

T
102

T
10?

Complexity : If L € Z[x](0) is of degree m, has polynomial coefficients of
degree at most d and has integer coefficients of size at most n then :

O(Nd((n+ d)(m+d) ¥ + (m+ d) ).
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Future works

@ [BosTaN, CARUSO, ScHOST, 2016] brought the computation of invariant
factors of the p-curvature to that of a factorial.
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Future works

@ [BosTaN, CARUSO, ScHOST, 2016] brought the computation of invariant
factors of the p-curvature to that of a factorial.

@ Extension to operators with coefficients in a number field.

Efficient computation of p-curvatures
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