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The pitch:

> a (labeled) order type is a combinatorial object

induced by a finite set of points in R?.

> 1'd like to know to generate randomly such an object

without excessive bias.

> Here, I'll discuss why sampling random point sets

can be inefficient.



Order types
& labeled order types
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"What is the simplest geometric object about which one
can say something interesting?

Jacob E. Goodman

D ps P2 P3 Take a sequence pq,p2,...,p, of n points on the real line

o) o 0 o) . . ?
and assume you only have access to the information p; < p;.

~+ what you know is the order, or permutation, of the points.

~> |dentifying up to relabeling creates one equivalence class.

As of dimension 2, the structure gets richer and more intricate.
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Reduction of the infinite diversity of n-point sets in R?

to finitely many combinatorial types based on orientation predicates.
[Goodman-Pollack’83]
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x(a, b, c) = +1 ~1 0
Two point sequences p1,ps,...,p, and q1,q2, ..., q, such that

V1<i,j,k<n, x(pi.pjre) = X%, 4, %)

have the same labeled order type.

Equivalence relation, class ~ map: triples of indices — {—1,1}.
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Some simple combinatorial conditions are necessary... a

_ x(a,b,d) = x(b,c,d) = x(c,a,d) =1
> antisymmetry, e.g. x(a,b,c) = —x(b,a,c),
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... but deciding whether a given map encodes a labeled order type is NP-hard.

How many n-point labeled order types are there? nnto(®),
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c O b 4 Is sharp, the next term is not known.
° Quite few, has an algebraic explanation (Milnor-Thom theorem).
a
Ay b:l; Cy
+1 x(a,b,c) = sign of the determinant of | a, b, ¢,
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Discrete geometers

often drop the labeling.
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Two point sets P and () have the same order type if there exists
an orientation-preserving bijection between them.

. . def .
Equivalence relation, order type = an equivalence class.

Common properties for convex hull, segments intersections,
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Can be defined abstractly in topological affine planes.
Labeled abstract order types = acyclic uniform oriented matroids. \

[Salzmann’67][Folkman-Lawrence'78]

Computationally, abstract OT are simple

characterized by a few axioms on < 5 points.

ﬁ'ﬁﬂ-‘:ﬁﬁg CONFIGURATIONS
but realizable OT are complicated. somamor W GEOMETRY
Universality [Mnév'86], dR-completeness [Shor'92] S Ef
@ Springer-Verlag DAVID EPPSTEIN
Realizable OT were enumerated up to size 11.
34|56 | 7| 8 | 9 | 10 | 11
1[2]3]|16 | 135 | 3315 | 158 817 | 14 309 547 | 2 334 512 907
(mirror images are identified) [Aichholzer-Aurenhammer-Krasser'02]

but even the number of (abstract) n-point order types is unknown.
9-3
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Given n, how should we generate a random (labeled) order type of size n?

Not mere intellectual curiosity...

> Tool to test problems/conjectures expressible by orientation predicates.

For k < 6 there exists N, such that any set of > Ny
points in general position in the plane contains k 0
points that form an empty convex k-gon.

30 < Ng < 1716 o o

> Testing geometric algorithms (that use only orientation predicates).

No need to test the same trace twice.
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1) Construct a random map (12, — {1, 41}

that encodes a labeled order type.

Very few maps do, and they are NP-hard to recognize...

2) Take a random point set and read off its order type.

Experiments suggest that this may not work so well...

Take random samples of size 10 in [1,2]* and
record the set of order types seen. Measure
the rate of discovery and the redundancy.
There exist 28 606 030 order types of size 10... [Devillers-Duchon-Glisse-G'18]

1 billion samples reach about 10 millions of them.

The last million samples reach only 2 500 new order types.
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Given n, how should we generate a random (labeled) order type of size n?

1) Construct a random map (12, — {1, 41}

that encodes a labeled order type.

Very few maps do, and they are NP-hard to recognize...

2) Take a random point set and read off its order type.

Experiments suggest that this may not work so well...

Our " concentration” result:

There is a vanishingly small subset A,, of the n-point order types
such that a random n-point i.i.d. sample of a square has order
type in A,, with probability — 1.

12 -8



Random polygons

based on order types
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Random polytopes 101:
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Random polytopes 101:

How many extreme points in a random point set

sampled independently from some measure p over R%?

¢ o
o (@) 0
o © o
T How many extreme points in a random order type
3=
’ chosen equiprobably among the n-point order types?
o o o o
(0] 0]
O O (©) °© (@) o °0 (@)

4 Answer: ~ 4 as n — 0.
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Theorem. For n > 3, the number of extreme points in a random simple
labeled order type chosen uniformly among the simple, labeled order types

of size n in the plane has average 4 — nQ_L and variance less than 3.

n—+2

> For non-labeled order types, the average is 4 + O (n~1/2*¢).

> Generalize to arbitrary dimension and acyclic, uniform oriented matroids.
Some ingredients:

> Averaging argument on well-chosen subsets of order types.

> Each subset associated with a symmetric 2n-point order type on the sphere.

> Duality relates these projective order types to arrangement of great circles.

> Account for symmetries.
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A a simple n-point set in R?.
¢ a generic line splitting A.

Apply a projective transform that

maps ¢ to the line at infinity.

Obtain another point set A’ and
a bijection f: A — A’ A and A’ share (via f) at most 4 extreme points.

Suppose that we could match order types via such projective transforms.

In every pair, # extreme points sum up to < n + 4.
— at most % + 2 extreme points on average.

We further divide up order types into classes
of order types equal up to projective transforms.

Then, we average the number of extreme points within each class.
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as p and = become orthogonal.
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some antipodal pair of P.

|H, N P|=n < xisin a 2-cell of P*
x and y in the same 2-cell of P* & H, NP =H,NP.

p extreme in H, N P < p* bounds the 2-cells containing .

Affine hemisets of P
<> 2-cells of the dual arrangement P*
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Each affine order type "supported by" P corresponds to
one or many 2-cell(s) of the dual arrangement P*.

11, = number of affine hemisets of P with order type w.

Z #Hedge(o) = Z [, FFextreme point(w)

o:2—cell of P* w: affine order type
of an affine hemiset of P

Averaging on the dual arrangement P* is easy.

Simple arrangement of n great circles.

2(5) vertices, 4('2?) edges, and 2(;) + 2 faces.

()42 ~ 4 edges per face on average.
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Each affine hemiset of P corresponds to
a 2-cell of the dual arrangement.

Each affine order type "supported by" P corresponds to
one or many 2-cell(s) of the dual arrangement P*.

11, = number of affine hemisets of P with order type w.

Z #Hedge(o) = Z [, FFextreme point(w)

o:2—cell of P* w: affine order type
of an affine hemiset of P

Averaging on the dual arrangement P* is easy.

Simple arrangement of n great circles.

2(2) vertices, 4(5) edges, and 2(;) + 2 faces.

How can we control the multiplicities?

()42 ~ 4 edges per face on average.
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Fix an unlabeled, symmetric 2n-point set P on S? and perform the experiment:

1. A= 3 uniform random affine subset of P.
2. A= a uniform random labeling of A.

3. Return the labeled order type of A.

Two sources of bias: f
The order type of A is not uniformly distributed. {Q X2, x10 ,A ><10}-
Some unlabeled order types may decompose into \v \v
more labeled order types than others.

These two biases cancel each other out!
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The symmetries of a projective sets act on its affine subsets.
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Dihedral group D5

orbitg(A) = all affine subsets with same order type as A.

stabilizerg(A) ~ symmetry group of A.

Orbit-stabilizer theorem: . K
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Question. Is there a good method to produce random order types?

Polynomial time per sample 4+ not too biased.

Our suggestion: sample projective order types first!

Question. What do typical order type look like?

Number of points on the ith (onion) layer?

Number of layers?

Question. Is it true that for any order type 7, the proportion
of n-point order types that avoid 7 goes to 0 as n — oo?
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There are affine hemisets with same order type as A.

n = | Al and Sym(X) = the symmetry group of X.

What can Sym(P) and Sym(A) be?
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P a projective set and A an affine hemiset of P.

|Sym(P)]
|Sym(A)|

There are affine hemisets with same order type as A.

n = | Al and Sym(X) = the symmetry group of X.

What can Sym(P) and Sym(A) be?

. o o > Sym(A) is trivial or Zy where k divides n or n — 1.

> Every symmetry of P fixes exactly two
hemisets (which are antipodal).
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P a projective set and A an affine hemiset of P.

There are Eiggig; affine hemisets with same order type as A.

n = |A| and Sym(X) = the symmetry group of X.

What can Sym(P) and Sym(A) be?

{ ] { ]
o o
o o g o o
S T MY > Sym(A) is trivial or Zy where k divides n or n — 1.
(] ¢ (] ¢
o [ Y L d [ Y
o o

> Every symmetry of P fixes exactly two
hemisets (which are antipodal).
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P a projective set and A an affine hemiset of P.

|Sym(P)]
|Sym(A)|

affine hemisets with same order type as A.

def
n —

There are

Al and Sym(X) = the symmetry group of X.

What can Sym(P) and Sym(A) be?

. o o > Sym(A) is trivial or Zy where k divides n or n — 1.

> Every symmetry of P fixes exactly two
hemisets (which are antipodal).

Remember Felix Klein's characterization of finite subgroups of SO(3)...
- Study the action of Sym(P) on the fixed hemisets.
- How many orbits? What are their sizes?
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> Every symmetry of P fixes exactly two hemisets (which are antipodal).
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> Every symmetry of P fixes exactly two hemisets (which are antipodal).

Remember Felix Klein's characterization of finite subgroups of SO(3)...
- Study the action of Sym(P) on the fixed hemisets.
- How many orbits? What are their sizes?
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> Every symmetry of P fixes exactly two hemisets (which are antipodal).

Remember Felix Klein's characterization of finite subgroups of SO(3)...
- Study the action of Sym(P) on the fixed hemisets.
- How many orbits? What are their sizes?

> The orbit type is one of [1,1], [4,4,6], [6,8,12], [12,20,30] or (2, N/2, N/2].
Orbit type [u1, 2, - - -, fti] means k orbits, of respective size 1, po, ..., k.
N = |Sym(P)].
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> Every symmetry of P fixes exactly two hemisets (which are antipodal).

Remember Felix Klein's characterization of finite subgroups of SO(3)...
- Study the action of Sym(P) on the fixed hemisets.
- How many orbits? What are their sizes?

> The orbit type is one of [1,1], [4,4,6], [6,8,12], [12,20,30] or (2, N/2, N/2].
Orbit type [u1, 2, - - -, fti] means k orbits, of respective size 1, po, ..., k.
N = |Sym(P)].

> If P has 2n points and k symmetries, the average number of extreme points in
an affine order type supported by P is < 4 + 3%

38-4



> Every symmetry of P fixes exactly two hemisets (which are antipodal).

Remember Felix Klein's characterization of finite subgroups of SO(3)...
- Study the action of Sym(P) on the fixed hemisets.
- How many orbits? What are their sizes?

> The orbit type is one of [1,1], [4,4,6], [6,8,12], [12,20,30] or (2, N/2, N/2].
Orbit type [u1, 2, - - -, fti] means k orbits, of respective size 1, po, ..., k.
N = |Sym(P)|.

> If P has 2n points and k symmetries, the average number of extreme points in
an affine order type supported by P is < 4 + 3%

> If |[Sym(P)| > 60 then P has an affine hemiset with W symmetries.
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> Every symmetry of P fixes exactly two hemisets (which are antipodal).

Remember Felix Klein's characterization of finite subgroups of SO(3)...
- Study the action of Sym(P) on the fixed hemisets.
- How many orbits? What are their sizes?

> The orbit type is one of [1,1], [4,4,6], [6,8,12], [12,20,30] or (2, N/2, N/2].
Orbit type [u1, 2, - - -, fti] means k orbits, of respective size 1, po, ..., k.
N = |Sym(P)|.

> If P has 2n points and k symmetries, the average number of extreme points in
an affine order type supported by P is < 4 + 3%

> If |[Sym(P)| > 60 then P has an affine hemiset with W symmetries.

5 2n+o(n)
> At most (% — k)
have k symmetries, when k& < n — 2.

affine simple order types
Count sign patterns of polynomials.
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> Every symmetry of P fixes exactly two hemisets (which are antipodal).

Remember Felix Klein's characterization of finite subgroups of SO(3)...
- Study the action of Sym(P) on the fixed hemisets.
- How many orbits? What are their sizes?

> The orbit type is one of [1,1], [4,4,6], [6,8,12], [12,20,30] or (2, N/2, N/2].
Orbit type [u1, 2, - - -, fti] means k orbits, of respective size 1, po, ..., k.
N = [Sym(P)].

> If P has 2n points and k symmetries, the average number of extreme points in
an affine order type supported by P is < 4 + 3%.

> If |[Sym(P)| > 60 then P has an affine hemiset with W symmetries.

2 2n+o(n) . _
> At most (7 — k) affine simple order types

have k symmetries, when k < n — 2. Count sign patterns of polynomials.

> Affine order types have 4 + o(1) extreme points on average.
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There's more!
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There's more!

> Sym(P) is trivial, Z,, (cyclic group), D,, (dihedral),
Sy (octahedral = cubical), A4 (tetrahedral), or A5 (icosahedral).

39-2



There's more!

> Sym(P) is trivial, Z,, (cyclic group), D,, (dihedral),
S4 (octahedral = cubical), A4 (tetrahedral), or A5 (icosahedral).

Like finite groups of rotations in R3.
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There's more!

> Sym(P) is trivial, Z,, (cyclic group), D,, (dihedral),
Sy (octahedral = cubical), A4 (tetrahedral), or A5 (icosahedral).

Like finite groups of rotations in R3.

Each of these groups occurs
as symmetry group of
some projective order type.

Author: Anton Yankovyi



